Abstract. MV-algebras were introduced by Chang to prove the completeness of the infinite-valued Lukasiewicz propositional calculus. Recently, algebraic theory of MV-algebras has been intensively studied. Wajsberg algebras are just a reformulation of Chang MV-algebras where implication is used instead of disjunction. Using these equivalence, in this paper we provide conditions for the existence of an epimorphism between two finite MV-algebras A and B. Specifically, we define the mv-functions with domain in the ordered set of prime elements of B and with range in the ordered set of prime elements of A, and prove that every epimorphism from A to B can be uniquely constructed from an mv-function.
Preliminaries and necessary properties
MV-algebras were originally defined by Chang [4] , [5] as algebraic models of Lukasiewicz infinite-valued (also finite-valued) propositional calculi. However, let us recall that Lukasiewicz [13] , [14] considered as the main propositional connectives implication → and negation ∼. Algebras introduced by Chang, instead, contain other operations which do not correspond, for example, to logical connectives MVconjunction or MV-disjunction, to mention some.
Algebraic counterparts of Lukasiewicz propositional calculi (infinite or finitevalued), all of them polynomially equivalent, were originally defined by Komori [12] , [11] under the name CN-algebras, and by Rodriguez [17] under the name Wajsberg algebras (see [10] , [18] too). In this paper we will adopt the language of Wajsberg algebras (or W-algebras) to describe MV-algebras.
In [16] Luiz Monteiro determined the number of epimorphisms between finite Lukasiewicz algebras (see [3] ). It is known that every finite W -algebra is a direct product of finite chains. In this work, we use this fact to find the number of epimorphisms between finite W -algebras. This representation for finite W -algebras is also used in [2] to find the structure and cardinality of finitely generated algebras in varieties of k-potent hoop residuation algebras.
In this section we review some definitions and properties necessary for what follows (see, for example, [6] , [9] , [10] , [17] ). In Section 2 we define the mv-functions between the ordered sets of prime elements of finite MV-algebras and prove that every epimorphism can be uniquely constructed from an mv-function. This results can be also obtained from the duality given by Martínez in [15] . More details on MV-algebras can be found in two very interesting papers [7] and [8] .
Let us recall that a W-algebra A = A, →, ∼, 1 is an algebra of type (2, 1, 0) such that the following identities are satisfied:
The unit real interval [0, 1] endowed with the operations x → y := min{1, 1 − x + y} and ∼x := 1 − x is a Wajsberg algebra. For each integer n 1, we denote by L n+1 the subalgebra of [0, 1] with the universe {0, 1/n, 2/n, . . . , (n − 1)/n, 1}.
In every W-algebra A = A, →, ∼, 1 the following terms can be defined:
Then A, ⊕, ∼, 0 is an MV-algebra and A, ∨, ∧, ∼, 0, 1 is a Kleene algebra. The following properties hold in every W-algebra A, for all nonnegative integers n, m (see [10] , [17] ):
Let A be a W-algebra. The set B(A) = {x ∈ A : ∼x → x = x} is a Boolean algebra. Indeed, B(A) is the Boolean algebra of the complemented elements of the bounded distributive lattice reduct of A. The elements of B(A) are called the boolean elements of A. For each a ∈ B(A) the set [0, a] = {x ∈ A : x a} is a W-algebra with the operations (x → y) ∧ a and ∼x ∧ a, for all x, y ∈ [0, a].
We will denote by At(A), X (A) and Π(A) the set of atoms of A and the ordered sets of all prime filters and prime elements with respect to the lattice structure of A, respectively. The function ϕ : X (A) → X (A), defined by ϕ(P ) = X (A) \ {∼x : x ∈ P } for each P ∈ X (A), is an involution and a dual isomorphism.
In what follows A is a finite W-algebra. Then, it is isomorphic to a direct product of intervals determined by atoms of B(A), i.e., A ≃
where µ is the orderisomorphism from Π(A) onto the dual of X (A), which exists because A is finite.
As an immediate consequence of this representation, we have the following result (see, for example, [17] ). A) ) for every integer m n and n · p is the last element in the chain which contains p.
Therefore, for every finite W-algebra A we will write A = A t1t2...tn to identify the ordered set Π(A).
, where F (t) is the lattice filter generated by t ∈ Π(A) and µ(t) = F (t). Moreover, ϕ(F (a)) = F (a), ϕ(F (b)) = F (c) and ϕ(F (c)) = F (b); Ψ(a) = a, Ψ(b) = c and Ψ(c) = b. In this case n = 2, r ∈ {1, 2}, t 1 = 1, t 2 = 1 and we write A = A 11 .
mv-functions and epimorphisms
Let A be a finite W-algebra. From Corollary 1.1 (i), the ordered set Π(A) is a disjoint union of finite chains; each connected component will be denoted by C. Then, if C ⊆ Π(A) is a chain with first element p 0 , we will write C = C(p 0 ).
Properties (F1), (F2) and (F3) are independent. Indeed, let us consider the
It is easy to see that f 1 satisfies (F1) and (F2) but not (F3), f 2 satisfies (F1) and (F3) but not (F2) and f 3 satisfies (F2) and (F3) but not (F1).
, the following properties hold:
. Let us suppose now that j t. Then from (F2) we
If we suppose that p ′ and q ′ belong to different connected components, let us
because f is injective. Let us suppose now j t. From (F2) and (F5) we have
, for some integers j, t 1. Then by applying (W13) and (F2) we get
Notice that by (F5) in Lemma 2.1 there exists an mv-function between Π(L n+1 ) and Π(L m+1 ) (the identity function) if and only if m = n.
then h is an epimorphism. We will say that h is the epimorphism induced by the mv-function f .
To prove that h is a homomorphism it is enough to show that h(∼x) = ∼h(x) and h(x ⊕ y) = h(x) ⊕ h(y), because x → y = ∼x ⊕ y. The proof of the first equality is an exact analogue of that given in [1] . In order to prove the second equality, let us suppose that x = 0 and y = 0 (the cases x = 0 or y = 0 are trivial). Let us consider the sets
Then by applying (W12) we have
Let B x,y be the set {s
We claim that
Indeed, since x = {p ∈ Π(A) : p x} and y = {q ∈ Π(A) : q y}, by applying (W12) we obtain x ⊕ y = p x q y (p ⊕ q).
Hence, if r
There are two cases to consider: (i) If p and q are comparable, then from Corollary 1.1 (vii), (2.3), (F5) and (F6) we have that p ⊕ q ∈ Π(A) and there exists s
Similarly, since p, q p ⊕ q, there exist p 
From (i) and (ii) we have proved
In a similar way, if r ′ ∈ A ′ y then (2.6)
Then from (2.2), (2.5), (2.6) and (2.7) we obtain
In order to prove the other inequality, let
From (2.8), (2.9) and (2.2) we have
Therefore, equality h(x ⊕ y) = h(x) ⊕ h(y) follows from (2.1) and (2.4). So it remains to prove that h is surjective. Let y ∈ A ′ , y = 0. Let x ∈ A be the element defined by (2.10)
x . From (2.11) we conclude h(x) = y.
Lemma 2.2. If f is an mv-function and h is the epimorphism induced by f , then for each p ∈ Π(A) we have either
To complete the proof we must show that f (r ′ ) = p.
Indeed, there exists
Let us denote by Epi(A, A ′ ) the set of all epimorphisms from A to A ′ .
x i . It is easy to see that q ∈ h −1 ({p ′ }) and q = 0. Besides, q ∈ Π(A) and
e., q = a or q = b, which proves q ∈ Π(A). On the other hand, let p ∈ h −1 (p ′ ) ∩ Π(A). Then q p. Let C ⊆ Π(A) be the chain which contains q and p and suppose that C ≃ Π(L r+1 ) for some integer r 1. If q < p then we can write q = j · 1/r and p = k · 1/r, for some integers j, k such that
which is a contradiction. Hence, h(z) = 0, which contradicts
The above result allows us to define, for each h ∈ Epi(A, A ′ ), a function
We will say that f is the function induced by the epimorphism h.
Lemma 2.4. Let h ∈ Epi(A, A ′ ). Then the function induced by the epimor-
phism h is an mv-function.
We must show that conditions (F1), (F2) and (F3) in Definition 2.1 hold. Condition (F1) follows by definition. Let p ′ ∈ Π(A ′ ) and let k be an integer, k 1. Let us consider the elements
and
by applying Corollary 1.1 (v) and Lemma 2.3. This proves (F2). In order to prove (F3), note that the following properties hold: (P1) f preserves the order (it is a consequence of (F2)).
this is a consequence of (P1), (F2) and (P2)).
We prove now (F3). Let
some integer r 1. Thus, there exists an integer i, 1 i r, such that p 
